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Abstract. Let X be a smooth separated geometrically connected
variety over Fq and f : Y → X a smooth projective morphism. We
compare the invariant dimensions of the ℓ-adic representation Vℓ
and the Fℓ-representation V¯ℓ of the geometric e´tale fundamental
group of X arising from the sheaves Rwf∗Qℓ and R
wf∗Z/ℓZ re-
spectively. These invariant dimension data is used to deduce a
maximality result of the geometric monodromy action on Vℓ when-
ever V¯ℓ is semisimple and ℓ is sufficiently large. We also provide
examples for V¯ℓ to be semisimple for ℓ≫ 0.
1. Introduction
Consider a smooth projective Fq-morphism f : Y → X , where X is a
smooth separated geometrically connected Fq-variety. Fix a geometric
point x¯0 : Spec(F¯q) → X . For any prime ℓ ∤ q and integer w, Fℓ :=
Rwf∗Qℓ is a lisse, pure of weight w, Qℓ-sheaf onX [De80] inducing an ℓ-
adic representation of the e´tale fundamental group πet1 (X) := π
et
1 (X, x¯0)
on the stalk Fℓ,x¯0
∼= Hw(Yx¯0,Qℓ) =: Vℓ,
(1) Φℓ : π
et
1 (X)→ GL(Vℓ);
F¯ℓ := R
wf∗Z/ℓZ is a locally constant sheaf on X inducing an Fℓ-
representation on the stalk F¯ℓ,x¯0
∼= Hw(Yx¯0,Z/ℓZ) =: V¯ℓ,
(2) φℓ : π
et
1 (X)→ GL(V¯ℓ).
The geometric e´tale fundamental group of X , πet1 (XF¯q) := π
et
1 (XF¯q , x¯0),
is a normal subgroup of πet1 (X) satisfying the exact sequence
(3) 1→ πet1 (XF¯q)→ π
et
1 (X)→ Gal(F¯q/Fq)→ 1
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so that any x ∈ X(Fq) induces a splitting ix of (3). The monodromy
group Γℓ (resp. Γ¯ℓ) and the geometric monodromy group Γ
geo
ℓ (resp.
Γ¯geoℓ ) are defined to be the images of π
et
1 (X) and π
et
1 (XF¯q) respectively
in GL(Vℓ) (resp. GL(V¯ℓ)); their Zariski closures in GLVℓ , denoted re-
spectively by Gℓ and G
geo
ℓ , are called the algebraic monodromy group
and the algebraic geometric monodromy group of Φℓ.
Since Gal(F¯q/Fq) ∼= Zˆ is abelian, the geometric monodromy groups
Γgeoℓ and G
geo
ℓ are of particular interest by (3). Deligne has proved that
the identity component ofGgeoℓ is a semisimple subgroup of GLVℓ [De80,
Cor. 1.3.9, Thm. 3.4.1(iii)]. Determining Γgeoℓ (or Γ¯
geo
ℓ ) and G
geo
ℓ for
families of curves (elliptic [Ha08]; hyperelliptic [La90s],[Yu96],[AP07];
trielliptic [AP07]) is of independent interest and also has applications to
the arithmetic of function fields (see [Yu96],[Ac06]) and arithmetic ge-
ometry (see [Ch97],[Ko06a, Ko06b, Ko06c, Ko08]) over function fields.
A crucial point is that for all sufficiently large ℓ, the geometric mon-
odromy Γgeoℓ is a large compact subgroup of G
geo
ℓ (Qℓ). The motivation
of this paper is to investigate the following large geometric monodromy
conjecture. Let π : Gscℓ → G
geo
ℓ be the natural morphism such that G
sc
ℓ
is the universal cover of the identity component of Ggeoℓ .
Conjecture 1. Let Φℓ be the ℓ-adic representation defined in (1). Then
π−1(Γgeoℓ ) is a hyperspecial maximal compact subgroup of G
sc
ℓ (Qℓ) when-
ever ℓ is sufficiently large.
Let us make a detour to the characteristic zero case. Suppose f :
Y → X is not defined over Fq, but over a subfield K of C. Denote
the wth Betti cohomology Hw(Yx¯0(C),Q) by V , which is acted on by
the topological fundamental group π1(X(C)). Since the geometric rep-
resentation Φℓ : π
et
1 (XK¯) → GL(Vℓ) is arising from Φ : π1(X(C)) →
GL(V ) by the comparison theorem between Betti and e´tale cohomolo-
gies [SGA1, XII],[SGA4, XVI] and the identity component of algebraic
monodromy group of Φ is semisimple over Q [De71, Cor. 4.2.9], the
geometric monodromy Γgeoℓ is large in G
geo
ℓ (Qℓ) for ℓ ≫ 0, thanks
to [MVW84]. On the other hand, πet1 (X) satisfies (3) with Fq re-
placed withK. Since Gal(K¯/K) is non-abelian, the monodromy groups
Γℓ ⊂ Gℓ(Qℓ) are complicated and carry a lot of arithmetic information.
If K is a number field and X = Spec(K), then Φℓ is a Galois repre-
sentation of K arising from the smooth projective variety Y/K and
the largeness of Γℓ in Gℓ(Qℓ) for ℓ ≫ 0 follows from the remarkable
conjectures of Hodge, Grothendieck, Tate, Mumford-Tate, and Serre
[Se94, §11], see also [HL15a, §5]. The prototypical result in this direc-
tion is due to Serre [Se72], which states that for any non-CM elliptic
curve Y , the monodromy Γℓ on H
1 is GL2(Zℓ) for all sufficiently large
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ℓ, see also [Ri76, Ri85],[Se85],[BGK03, BGK06, BGK10],[Ha11] for cer-
tain abelian varieties; [HL15b] for arbitrary abelian varieties; [Se98] for
abelian representations; [HL14] for type A representations; and partial
results [La95a],[Hu14] for arbitrary varieties. To get large Galois mon-
odromy, one always needs handles on the invariants of Vℓ and V¯ℓ. For
example when Y is an abelian variety and w = 1, Faltings has proved
that the Galois invariants of Vℓ⊗V
∗
ℓ and V¯ℓ⊗ V¯
∗
ℓ depend essentially on
the endomorphism ring End(YK¯) if ℓ is sufficiently large [Fa83],[FW84]
(the Tate conjecture). Since the Tate conjecture remains largely open,
large Galois monodromy is presumably difficult.
Back to our setting f : Y → X over Fq, the main idea of this paper
is that there is a cohomological way, without resorting to the Tate
conjecture, to compare the geometric invariant dimensions of V ⊗mℓ and
V¯ ⊗mℓ for sufficiently large ℓ and sufficiently many m.
Theorem 2. For any m ∈ N, if ℓ is sufficiently large, then
dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q ) = dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q ).
This is accomplished in §2 first assuming X is a curve by e´tale co-
homology theory [SGA4, SGA41
2
, SGA5],[Mi80],[FK87],[Fu11] and the
remarkable theorems of Deligne [De74b, De80], Gabber [Ga83], and de
Jong [dJ96], the general case then follows from that by space filling
curves [Ka99] and ℓ-independence of Gℓ [Ch04].
Theorem 3. If φℓ is semisimple for all sufficiently large ℓ, then Con-
jecture 1 holds.
Theorem 3 is proved in §3 by a recent result of Cadoret and Tama-
gawa on Γ¯geoℓ [CT15], the group theoretic techniques we employed and
developed in [HL14], and exploiting the invariant dimension data (The-
orem 2 and Corollary 2.3). The Fℓ-semisimplicity hypothesis of The-
orem 3 holds if X is a curve and the fibers of f are curves or abelian
varieties [Za74a, Za74b]. It is suggestive that the hypothesis holds
in general because the invariant dimensions of Γgeoℓ and Γ¯
geo
ℓ are alike
(Theorem 2) and Γgeoℓ is semisimple on Vℓ. Nevertheless, we provide in
§4 some examples for the hypothesis to hold.
2. Invariant dimensions
The notation in §1 remains in force. Embed Z¯[1
q
] into Z¯ℓ with unique
maximal ideal mℓ. The common dimension of Vℓ for all ℓ (not dividing
q) is also equal to the common dimension of V¯ℓ for all sufficiently large
ℓ [Ga83]. Then whenever dimFℓ V¯ℓ = dimQℓ Vℓ, one obtains
(4) dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q ) ≥ dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q )
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for any m ∈ N by identifying Γgeoℓ as a subgroup of GL(H
i(Yx¯0,Zℓ)),
the reduction map GL(H i(Yx¯0,Zℓ))→ GL(V¯ℓ), and Lemma 2.1.
Lemma 2.1. Let F be a characteristic 0 non-Archimedean local field
with OF the ring of integers. Let M be a free OF -module of finite rank.
If W is an F -subspace of M ⊗OF F , then W ∩M is a direct summand
of M .
Proof. Since OF is a PID and OF/I is finite for any non-zero ideal
I, the finitely generated module M/W ∩M is a direct sum of a free
submodule and a torsion submodule. If x ∈ M maps to a torsion
element in M/W ∩ M , then k · x ∈ W ∩ M for some k ∈ N. This
implies x ∈ W because F is of characteristic 0. Hence, M/W ∩M is
free and W ∩M is a direct summand of M . 
Let d be the dimension of X . Since X is smooth, Fℓ is lisse, and
F¯ℓ is locally constant, we obtain perfect pairings by Poincare´ duality
[Mi80, VI Thm. 11.1] which is compatible with the action of geometric
Frobenius Frq:
H i(XF¯q ,Fℓ)×H
2d−i
c (XF¯q ,F
∨
ℓ )→ Qℓ(−d);
H i(XF¯q , F¯ℓ)×H
2d−i
c (XF¯q , F¯
∨
ℓ )→ Fℓ(−d).
(5)
The geometric invariants admit the following descriptions:
V
πet1 (XF¯q )
ℓ = H
0(XF¯q ,Fℓ);
V¯
πet1 (XF¯q )
ℓ = H
0(XF¯q , F¯ℓ).
(6)
Without loss of generality, assume x0 is an Fq-rational point of X that
induces a splitting of (3). Then the multiset A′ of the Frq-eigenvalues
on Vℓ := H
w(Yx¯0,Qℓ) are independent of ℓ [De74b] and pure of weight
w [De80]. It follows that the eigenvalues on H0(XF¯q ,Fℓ) belong to
those on Vℓ by the splitting and (6). One also sees by the same token
that the eigenvalues on H0(XF¯q , F¯ℓ) belong to the reduction modulo
mℓ of the eigenvalues on Vℓ whenever dimFℓ V¯ℓ = dimQℓ Vℓ. Define A to
be the following multiset:
(7) A := {qdα−1 : α ∈ A′}.
We conclude by (5) and above that the numbers in A are pure of weight
2d−w, the eigenvalues of H2dc (XF¯q ,F
∨
ℓ ) is a sub-multiset of A, and the
eigenvalues of H2dc (XF¯q , F¯
∨
ℓ ) is a sub-multiset of the reduction modulo
mℓ of A for ℓ≫ 0.
Theorem 2. For any m ∈ N, if ℓ is sufficiently large, then
dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q ) = dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q ).
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Proof. Step I. Assume X is a (geometrically connected) curve, i.e.,
d = 1. If U is an affine open subscheme of X containing x0, then
πet1 (U) surjects onto π
et
1 (X) [Fu11, Prop. 3.3.4(i)] and we obtain a
commutative diagram:
(8)
πet1 (U)


// GL(Vℓ)
=

πet1 (X) // GL(Vℓ)
Hence, we may further assume X is an affine curve.
Step II. Let e > 0 be the relative dimension of f : Y → X . Then
the dimension of Y is e+1. Let Y c be a compactification of YF¯q . Then
Y c admits a simplicial scheme Y. projective and smooth over F¯q and
an augmentation Y. → Y c which is a proper hypercovering of Y c (see
[dJ96, §1]). This induces a spectral sequence
(9) Ei,j1 := H
j(Yi,Z/ℓZ)⇒ H
i+j(Y c,Z/ℓZ)
by [Co03, (6.3), Thm. 7.9] (see also [De74a]). Let B′ be the multiset
consisting of all the Frq-eigenvalues on H
j(Yi,Qℓ) for all (i, j) ∈ Z
2
≥0
satisfying i + j = 2(e + 1) − (1 + w). Since Yi is smooth projective
for all i, the multiset B′ is mixed of weight ≤ 2(e + 1) − (1 + w) and
is independent of ℓ [De74b, De80]. Since there are only finitely many
such (i, j), the Frq-eigenvalues on
H2(e+1)−(1+w)(Y c,Z/ℓZ) =: H2(e+1)−(1+w)c (YF¯q ,Z/ℓZ)
belong to the reduction (modulo mℓ) of B
′ for ℓ ≫ 0 by [Ga83] and
the biregular spectral sequence (9). Since Y is smooth, the reduction
(modulo mℓ) of the multiset (mixed of weight ≥ 1 + w)
B′′ := {qe+1β−1 : β ∈ B′}
contains all the Frq-eigenvalues on H
1+w(YF¯q ,Z/ℓZ) for ℓ ≫ 0 by
Poincare duality. Since the spectral sequence
Ei,j2 := H
i(XF¯q , R
jf∗Z/ℓZ)⇒ H
i+j(YF¯q ,Z/ℓZ)
degenerates on page 2 (asX is an affine curve), E1,w2 = H
1(XF¯q , F¯ℓ) is a
sub-quotient ofH1+w(YF¯q ,Z/ℓZ). Thus, the eigenvalues onH
1(XF¯q , F¯ℓ)
belong to the reduction of B′′ for ℓ ≫ 0. Then we conclude that the
multiset (mixed of weight ≤ 1− w)
(10) B := {qβ−1 : β ∈ B′′}
after reduction contains all the eigenvalues on H1c (XF¯q , F¯
∨
ℓ ) for ℓ≫ 0
by X smooth and Poincare duality again.
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Step III. By the Lefschetz trace formula on the lisse sheaf F∨ℓ and
the locally constant sheaf F¯∨ℓ on XF¯q [Mi80, VI Thm. 13.4], we obtain
∑
x∈X(F
qk
)
Tr(Frkq : H
w(Yx¯,Qℓ)
∨) =
2∑
i=0
(−1)iTr(Frkq : H
i
c(XF¯q ,F
∨
ℓ ));
∑
x∈X(F
qk
)
Tr(Frkq : H
w(Yx¯,Z/ℓZ)
∨) =
2∑
i=0
(−1)iTr(Frkq : H
i
c(XF¯q , F¯
∨
ℓ ))
(11)
for all k ∈ N. Since Yx¯ is smooth projective, the Frobenius action on
Hw(Yx¯,Z/ℓZ)
∨ factors through Hw(Yx¯,Qℓ)
∨ for ℓ≫ 0 [Ga83]. Hence,
the reduction of the first local sum is equal to the second local sum for
ℓ≫ 0. Since H0c = 0 by X affine, we obtain
(12)
2∑
i=1
(−1)iTr(Frkq : H
i
c(XF¯q ,F
∨
ℓ )) =
2∑
i=1
(−1)iTr(Frkq : H
i
c(XF¯q , F¯
∨
ℓ ))
for ℓ≫ 0 by reduction. Denote the reductions of A (7) and B (10) by
A¯ and B¯ respectively and the following:
• {α1, ..., αr} ⊂ A¯ the multiset of the Frq-eigenvalues onH
2
c (XF¯q , F¯
∨
ℓ );
• {β1, ..., βs} ⊂ B¯ the multiset of the Frq-eigenvalues onH
1
c (XF¯q , F¯
∨
ℓ );
• {a1, ..., at} ⊂ A¯ the multiset of reduction of the Frq-eigenvalues
on H2c (XF¯q ,F
∨
ℓ );
• {b1, ..., bu} the multiset of reduction of the Frq-eigenvalues on
H1c (XF¯q ,F
∨
ℓ ).
Note that r, t ≤ |A|, s ≤ |B|, and the number u is independent of ℓ
[Ka83]. It follows from (12) that the above eigenvalues (in F¯∗ℓ) satisfy
(13) ak1 + · · ·+ a
k
t + β
k
1 + · · ·+ β
k
s = α
k
1 + · · ·+ α
k
r + b
k
1 + · · ·+ b
k
u
for all k ∈ N. If ℓ > |A| + max{|B|, u}, then by Lemma 2.2 the two
multisets coincide:
(14) {a1, ..., at, β1, ..., βs} = {α1, ..., αr, b1, ..., bu}.
Since A is pure of weight 2−w and B is mixed of weight ≤ 1−w (Step
II), A¯ ∩ B¯ = ∅ for ℓ ≫ 0 which implies t ≥ r by (14). Together with
(4),(5), and (6), we obtain
(15) dimFℓ V¯
πet1 (XF¯q )
ℓ = dimQℓ V
πet1 (XF¯q )
ℓ
for all sufficiently large ℓ.
INVARIANT DIMENSIONS AND MAXIMALITY OF GEOMETRIC MONODROMY ACTION7
Step IV. Since f : Y → X is smooth projective, the natural mor-
phism
Y [m] :=
m terms︷ ︸︸ ︷
Y ×X Y ×X · · · ×X Y → X
is still smooth projective with the fiber
(16) (Y [m])x¯0 =
m∏
Yx¯0
inducing the representationsWℓ := H
mw((Y [m])x¯0,Qℓ) and W¯ℓ := H
mw((Y [m])x¯0 ,Z/ℓZ)
of πet1 (X). For all sufficiently large ℓ, we have
(17) dimFℓ W¯
πet1 (XF¯q )
ℓ = dimQℓ W
πet1 (XF¯q )
ℓ
by (15). Since the representation V ⊗mℓ (resp. V¯
⊗m
ℓ ) is a direct sum-
mand of the representation Wℓ (resp. W¯ℓ) by (16) and the Ku¨nneth
isomorphism, we obtain by (17) that
(18) dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q ) = dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q )
holds for all sufficiently large ℓ. This proves Theorem 2 when X is a
curve.
Step V. For general smooth geometrically connected X , it suffices to
prove Theorem 2 for quasi-projective X (see (8)). If C ⊂ X (containing
x0) is a smooth geometrically connected curve over Fq, then
Ψℓ : π
et
1 (C)→ GL(Vℓ)
factors through Φℓ for all ℓ. Denote by Λ
geo
ℓ and H
geo
ℓ respectively the
geometric monodromy group and the algebraic geometric monodromy
group of Ψℓ. Choose ℓ0 such that the dimension of G
geo
ℓ0
is the largest.
By [Ka99, Cor. 7, Thm. 8], there exists a space filling curve C ⊂ X
(smooth, geometrically connected, containing x0, over Fq) satisfying
(19) Hgeoℓ0 = G
geo
ℓ0
.
Since the system {Ψℓ} is pure of weight w and is semisimple on the geo-
metric e´tale fundamental group πet1 (CF¯q) (Deligne), the identity com-
ponent (Hgeoℓ )
◦ (semisimple) is isomorphic to the derived group of the
identity component of the algebraic monodromy group of the semisim-
plification of Ψℓ for all ℓ by (3). This implies (H
geo
ℓ )
◦×C is independent
of ℓ by applying [Ch04, Thm. 1.4] to the semisimplification of the sys-
tem {Ψℓ}. In particular, the dimension of H
geo
ℓ is independent of ℓ.
Since we have
dimHgeoℓ = dimH
geo
ℓ0
= dimGgeoℓ0 ≥ dimG
geo
ℓ
and the groups Hgeoℓ ⊂ G
geo
ℓ (by Ψℓ factors through Φℓ) have the same
number of connected components (by (19) and [LP95, Prop. 2.2(iii)])
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for all ℓ, we obtain Hgeoℓ = G
geo
ℓ for all ℓ. Since (a) Λ
geo
ℓ (resp. Γ
geo
ℓ ) is
Zariski dense in Hgeoℓ (resp. G
geo
ℓ ) and (b) Ψℓ factors through Φℓ, we
obtain
dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q )
(b)
≤ dimFℓ(V¯
⊗m
ℓ )
πet1 (CF¯q )
(18)
= dimQℓ(V
⊗m
ℓ )
πet1 (CF¯q )
(a)
= dimQℓ(V
⊗m
ℓ )
H
geo
ℓ
(Qℓ) = dimQℓ(V
⊗m
ℓ )
G
geo
ℓ
(Qℓ)
(a)
= dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q )
for ℓ≫ 0. We are done by (4). 
Lemma 2.2. Suppose a1, ..., am, b1, ..., bn ∈ F¯
∗
ℓ satisfying max{m,n} <
ℓ and
(20) ak1 + · · ·+ a
k
m = b
k
1 + · · ·+ b
k
n
for all 1 ≤ k ≤ max{m,n}. Then the two multisets {a1, ..., am} and
{b1, ..., bn} coincide.
Proof. First assume m = n. Let x1, ..., xm be indeterminate variables.
Denote the elementary symmetric polynomials in x1, ..., xm by e1, ..., em
and xk1 + · · ·+ x
k
m by pk. The Newton’s identities imply
e1, ..., em ∈ Z[
1
m!
](p1, ..., pm).
Hence, ek(a1, ..., am) = ek(b1, ..., bm) for all 1 ≤ k ≤ m by (20) and
m < ℓ. We conclude that {a1, ..., am} = {b1, ..., bm} by constructing a
degree m polynomial in F¯ℓ[t] whose roots are exactly a1, ..., am (resp.
b1, ..., bm).
Suppose m > n. Let bn+1, ..., bm be all zeros. Then some ai is zero
by the above case, which contradicts ai ∈ F¯
∗
ℓ . 
Corollary 2.3. For any m ∈ N, if ℓ is sufficiently large, then
dimFℓ(Sym
mV¯ℓ)
πet1 (XF¯q ) = dimQℓ(Sym
mVℓ)
πet1 (XF¯q );
dimFℓ(Alt
mV¯ℓ)
πet1 (XF¯q ) = dimQℓ(Alt
mVℓ)
πet1 (XF¯q ).
Proof. Since the left hand side is always greater than or equal to the
right hand side of the equation and the representations V¯ ⊗mℓ and V
⊗m
ℓ
contain respectively SymmV¯ℓ and Sym
mVℓ (resp. Alt
mV¯ℓ and Alt
mVℓ)
as direct summands, the corollary follows from Theorem 2. 
3. Maximality
If X ′
F¯q
is a connected finite e´tale cover of XF¯q , then π
et
1 (X
′
F¯q
) is a
finite index subgroup of πet1 (XF¯q). Since X
′
F¯q
→ XF¯q is always defined
over some finite extension Fq′ of Fq (e.g., X
′
Fq′
→ XFq′ ) which does not
affect the geometric monodromy and the restriction of a semisimple
INVARIANT DIMENSIONS AND MAXIMALITY OF GEOMETRIC MONODROMY ACTION9
representation to a normal subgroup is still semisimple, it suffices to
prove Theorem 3 by considering the base change
Y ×X X
′
Fq′
→ X ′Fq′
of f : Y → X by a connected finite Galois e´tale cover X ′Fq′ → XFq′ →
X . Hence, we assume from now on that the algebraic geometric mon-
odromy group Ggeoℓ is connected for all ℓ by taking a connected finite
e´tale cover of X [LP95, Prop. 2.2(ii)]. Let n be the common dimension
of Vℓ for all ℓ, which is also the common dimension of V¯ℓ for ℓ≫ 0.
Theorem 3. If φℓ is semisimple for all sufficiently large ℓ, then Con-
jecture 1 holds.
Proof. Step I. For any subgroup Γ¯ of GLn(Fℓ), denote by Γ¯
+ the (nor-
mal) subgroup of Γ¯ that is generated by Γ¯[ℓ], the subset of order ℓ
elements of Γ¯. By taking some connected finite Galois e´tale cover of
X , we may assume Γ¯geoℓ = (Γ¯
geo
ℓ )
+ [CT15, Prop. 3.2, Thm. 1.1], Γ¯geoℓ
is semisimple on V¯ℓ, and G
geo
ℓ is connected for all sufficiently large ℓ.
Since n = dimFℓ V¯ℓ for ℓ ≫ 0, there exists an exponentially generated
subgroup S¯ℓ of GLV¯ℓ such that Γ¯
geo
ℓ = S¯ℓ(Fℓ)
+ for all ℓ ≫ 0 by Nori
[No87, Thm. B]. The Nori subgroup S¯ℓ is connected and an extension
of semisimple by unipotent. Since Γ¯geoℓ is semisimple on V¯ℓ for ℓ ≫ 0,
S¯ℓ is connected semisimple for ℓ ≫ 0. Let S¯
sc
ℓ → S¯ℓ be the universal
covering of S¯ℓ. The representation
S¯scℓ × F¯ℓ → S¯ℓ × F¯ℓ →֒ GLV¯ℓ×F¯ℓ
can be lifted to a representation of some simply-connected Chevalley
scheme over Z for all ℓ≫ 0 [Se86] (see [EHK12, Thm. 27]),
(21) ρℓ,Z : Hℓ,Z → GLVZ .
Step II. We would like to study the invariants of S¯ℓ on V¯
⊗m
ℓ ⊗ F¯ℓ.
Let us recall the construction of S¯ℓ. Define exp(x) and log(x) by
(22) exp(x) =
ℓ−1∑
i=0
xi
i!
and log(x) = −
ℓ−1∑
i=1
(1− x)i
i
.
For all sufficiently large ℓ, S¯ℓ is the Zariski closure in GLV¯ℓ
∼= GLn,Fℓ of
the subgroup generated by the one-parameter subgroup
(23) t 7→ xt := exp(t · log(x))
for all x ∈ Γ¯geoℓ [ℓ] (the order ℓ elements) [No87]. When ℓ > n, x
is unipotent and log(x) is nilpotent by (22). Identify V¯ℓ ⊗ F¯ℓ with
F¯nℓ , then every entry of the matrix x
t ∈ GLn(F¯ℓ[t]) is a polynomial
of degree less than n2 by (22) and (23). Similarly, the action of xt
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on V¯ ⊗mℓ ⊗ F¯ℓ can be identified with an element of GLnm(F¯ℓ[t]) whose
entries are polynomials of degree less than n2m. Consider an invariant
v ∈ (V¯ ⊗mℓ )
πet1 (XF¯q ) = (V¯ ⊗mℓ )
Γ¯geo
ℓ , then the equation in F¯ℓ[t]
nm below
xt · v = v
has at least ℓ distinct roots t = 0, 1, ..., ℓ − 1 because id, x, ..., xℓ−1 ∈
Γ¯geoℓ . This implies x
t · v ≡ v when ℓ ≥ n2m. Hence, we obtain v ∈
(V¯ ⊗mℓ ⊗ F¯ℓ)
S¯ℓ when ℓ ≥ n2m by the construction of S¯ℓ . Since Γ¯
geo
ℓ =
(Γ¯geoℓ )
+ [CT15] is a subgroup of S¯ℓ for ℓ≫ 0, we obtain
dimFℓ(V¯
⊗m
ℓ )
πet1 (XF¯q ) = dimF¯ℓ(V¯
⊗m
ℓ ⊗ F¯ℓ)
S¯ℓ
for ℓ≫ 0. It follows that
dimFℓ((⊕
nV¯ℓ)
⊗m)π
et
1 (XF¯q ) = dimF¯ℓ((⊕
nV¯ℓ)
⊗m ⊗ F¯ℓ)
S¯ℓ
for ℓ≫ 0. By Corollary 2.3 and embedding Qℓ into C, we conclude for
ℓ≫ 0 that
(24) dimC(Sym
m(⊕nVℓ)⊗ C)
G
geo
ℓ = dimF¯ℓ(Sym
m(⊕nV¯ℓ)⊗ F¯ℓ)
S¯ℓ .
Step III. Denote the base change of (21) to C by ρℓ,C : Hℓ,C → GLVC.
For fixed m ∈ N, we obtain by Step I and (24) that for ℓ≫ 0,
(25) dimC(Sym
m(⊕nVℓ)⊗ C)
G
geo
ℓ = dimC(Sym
m(⊕nVC))
Hℓ,C.
Since there are finitely many connected semisimple subgroup of GLn,C
(up to isomorphism), (25) holds for all m ∈ N when ℓ is sufficiently
large. Identify Vℓ ⊗ C with VC. Then the (Noetherian) graded rings
R = C[⊕nVC]
G
geo
ℓ and R′ = C[⊕nVC]
Hℓ,C
have the same Hilbert polynomial, hence the same Krull dimension for
ℓ ≫ 0. Since dimKrullR = n
2 − dimGgeoℓ and dimKrullR
′ = n2 −
dim ρℓ,C(Hℓ,C) (for example [LP90, §0]), we conclude by the lifting (21)
that for all ℓ≫ 0,
(26) dimGgeoℓ = dim S¯ℓ.
Step IV. Suppose ℓ ≥ 5. For any compact subgroup Γ ⊂ GLn(Qℓ)
(resp. Γ¯ ⊂ GLn(Fℓ)), we defined the ℓ-dimension dimℓ Γ (resp. dimℓ Γ¯)
in [HL14, §2] satisfying the following properties:
(i) dimℓ is additive on short exact sequences;
(ii) dimℓ vanishes for pro-solvable groups and finite simple groups that
are not of Lie type in characteristic ℓ;
(iii) if Γ¯ is a finite simple group of Lie type in characteristic ℓ, then
there exists some connected adjoint semisimple group S¯/Fℓ such
that Γ¯ is isomorphic to the derived group of S¯(Fℓ) and we define
dimℓ Γ¯ := dim S¯.
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We obtain for ℓ≫ 0 that
(27) dimℓ Γ¯
geo
ℓ = dimℓ S¯ℓ(Fℓ)
+ = dimℓ S¯ℓ(Fℓ) = dim S¯ℓ = dimG
geo
ℓ
by Step I, [No87, 3.6(v)], [HL14, Prop. 3(iii)], and (26) respectively
for each equality. Recall the universal covering π : Gscℓ → G
geo
ℓ .
Since (a) the kernel and cokernel of π−1(Γgeoℓ ) → Γ
geo
ℓ are abelian and
(b) the kernel of Γgeoℓ ։ Γ¯
geo
ℓ is pro-solvable (via the reduction map
GL(H i(Yx¯0,Zℓ)) → GL(V¯ℓ) for ℓ ≫ 0), we obtain by the properties of
dimℓ that for ℓ≫ 0,
(28) dimℓ π
−1(Γgeoℓ )
(a)
= dimℓ Γ
geo
ℓ
(b)
= dimℓ Γ¯
geo
ℓ
(27)
= dimGgeoℓ =: g.
Step V. Let ∆ℓ be a maximal compact subgroup of G
sc
ℓ (Qℓ) that
contains π−1(Γgeoℓ ). By [Ti79, 3.2], ∆ℓ is the stabilizer G
sc
ℓ (Qℓ)
x of a
vertex x in the Bruhat-Tits building of Gscℓ /Qℓ. There exists a smooth
affine group scheme G over Zℓ and an isomorphism ι from the generic
fiber of G to Gscℓ such that ι(G(Zℓ)) = G
sc
ℓ (Qℓ)
x [Ti79, 3.4.1]. As Gscℓ is
simply-connected semisimple, the special fiber GFℓ is connected [Ti79,
3.5.2]. The maximal compact subgroup ∆ℓ is hyperspecial if and only if
GFℓ is reductive [Ti79, 3.8.1], in which case it has the same root datum
as the generic fiber [SGA3, XXII, 2.8]. Since (c) the kernel of the
reduction map r : G(Zℓ) → G(Fℓ) is pro-solvable and (d) G is smooth
over Zℓ, we obtain by the properties of dimℓ that for ℓ≫ 0,
(29) dimℓ r(π
−1(Γgeoℓ ))
(c)
= dimℓ π
−1(Γgeoℓ )
(28)
= g = dimGscℓ
(d)
= dimGFℓ .
Since the special fiber GFℓ is connected, GFℓ is semisimple for ℓ ≫ 0
by (29) and [HL14, Thm. 4(iv)]. It follows from above that ∆ℓ is
hyperspecial and GFℓ is simply-connected semisimple for ℓ ≫ 0. For
any connected algebraic group G¯ of dimension g defined over Fℓ, the
order of G¯(Fℓ) satisfies
(30) (ℓ− 1)g ≤ |G¯(Fℓ)| ≤ (ℓ+ 1)
g
by [No87, Lem 3.5]. Hence, there exists a constant c(g) ≥ 1 depending
only on g such that for ℓ≫ 0,
(31)
(ℓ− 1)g
c(g)
≤ |r(π−1(Γgeoℓ ))|
subgp
≤ |G(Fℓ)|
(30)
≤ (ℓ+ 1)g,
where the first inequality follows by considering (29), (30), the prop-
erties of dimℓ in Step IV, and the orders of finite simple groups of Lie
type in characteristic ℓ [St67, §9] (e.g., |PSLk(ℓ)| =
1
(k,ℓ−1)
ℓk(k−1)/2(ℓ2−
1)(ℓ3 − 1) · · · (ℓk − 1)). Since g := dimGgeoℓ ≤ n
2 for all ℓ, the index
[G(Fℓ) : r(π
−1(Γgeoℓ ))] ≤ C(n) (a constant depending only on n) for
ℓ ≫ 0. Since GFℓ is simply-connected semisimple, G(Fℓ) is generated
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by the subset of order ℓ elements G(Fℓ)[ℓ] when ℓ≫ 0 (see the proof of
[HL14, Thm. 4]). Since G(Fℓ)[ℓ] belongs to r(π
−1(Γgeoℓ )) for ℓ≫ C(n),
the equality r(π−1(Γgeoℓ )) = G(Fℓ) holds for ℓ ≫ C(n). Therefore,
the subgroup π−1(Γgeoℓ ) ⊂ G(Zℓ) surjects onto G(Fℓ) under the reduc-
tion map r for ℓ ≫ 0. By the main theorem of [Va03], this implies
π−1(Γgeoℓ ) = G(Zℓ) = ∆ℓ for ℓ ≫ 0, which is hyperspecial maximal
compact in Ggeoℓ (Qℓ). 
Corollary 3.1. For all sufficiently large ℓ, the identity component of
the algebraic geometric monodromy group Ggeoℓ is unramified over Qℓ.
Proof. Since a connected reductive group G/Qℓ is unramified if and
only ifG(Qℓ) contains a hyperspecial maximal compact subgroup [Mi92,
§1], Gscℓ is unramified for ℓ ≫ 0 by Theorem 3. Since π : G
sc
ℓ ։
(Ggeoℓ )
◦ is surjective, the identity component (Ggeoℓ )
◦ is unramified for
ℓ≫ 0. 
Remark 3.2. Assuming Φℓ is semisimple for all ℓ, then G
◦
ℓ × C ⊂
GLVℓ×C is independent of ℓ by [Ch04] and [Ka99] (see Step V of The-
orem 2). Corollary 3.1 is a necessary condition for the existence of a
common Q-form of {G◦ℓ ⊂ GLVℓ}ℓ.
4. Semisimplicity
In this section, we give two examples of {Φℓ} such that the hypothesis
of Theorem 3 holds. It suffices to show by the lemma below that the
restriction of φℓ to a normal subgroup of π
et
1 (XF¯q) (i.e., by taking a
connected Galois e´tale cover of X) is semisimple for ℓ≫ 0.
Lemma 4.1. [HL15b, Lemma 3.6] Let F be a field, G a finite group,
H a normal subgroup of G such that [G : H ] is non-zero in F , and V
a finite dimensional F -representation of G. Then V is semisimple if
and only if its restriction to H is so.
Example 1. Suppose the fibers of f : Y → X are curves or abelian
varieties. Then the hypothesis of Theorem 3 holds.
Proof. Step I. When X is a curve, φℓ is factored through by a Galois
representation of K(X), the function field of X . When the fibers of
f are abelian varieties, the conclusion follows directly from the Tate
conjecture of abelian varieties over function fields [Za74a, Za74b] (see
also [FW84, Ch. VI§3],[LP95, Thm. 3.1(iii)]). When the fibers are
curves, the conclusion follows from above and the fact that a smooth
curve and its Jacobian variety have isomorphic H1 representations.
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Step II. For general X , we may first assume Ggeoℓ is connected for
all ℓ by taking a connected Galois e´tale cover [LP95, Prop. 2.2(i)]. By
[Ka99] and [Ch04] (see Step V of Theorem 2), there exists a smooth
geometrically connected curve C ofX such that the algebraic geometric
monodromy group associated to Y ×X C → C is also equal to G
geo
ℓ for
all ℓ. Denote the images of πet1 (CF¯q) and π
et
1 (XF¯q) in respectively GL(Vℓ)
and GL(V¯ℓ) by
Λgeoℓ ⊂ Γ
geo
ℓ ⊂ GL(Vℓ);
Λ¯geoℓ ⊂ Γ¯
geo
ℓ ⊂ GL(V¯ℓ).
We may assume Γ¯geoℓ is generated by its order ℓ elements for ℓ ≫ 0
by [CT15]. Since π−1(Λgeoℓ ) ⊂ π
−1(Γgeoℓ ) are compact subgroups of
Gscℓ (Qℓ) and π
−1(Λgeoℓ ) is hyperspecial maximal compact in G
sc
ℓ (Qℓ)
for ℓ≫ 0 by Step I and Theorem 3, we have π−1(Λgeoℓ ) = π
−1(Γgeoℓ ) for
ℓ ≫ 0. Hence, the index [Γgeoℓ : Λ
geo
ℓ ] is bounded by some constant C
(depending on n = dim Vℓ) for ℓ ≫ 0. It follows that [Γ¯
geo
ℓ : Λ¯
geo
ℓ ] ≤ C
for ℓ ≫ 0 via the reduction map GL(H i(Yx¯0,Zℓ)) → GL(V¯ℓ). This
implies that the order ℓ elements of Γ¯geoℓ belong to Λ¯
geo
ℓ when ℓ ≫ C.
Since Γ¯geoℓ is generated by its order ℓ elements and Λ¯ℓ is semisimple on
V¯ℓ for ℓ≫ 0, Γ¯
geo
ℓ is semisimple on V¯ℓ for ℓ≫ 0. 
Example 2. Identify Γgeoℓ as a subgroup of GL(H
i(Yx¯0,Zℓ)) = GLn(Zℓ)
for ℓ ≫ 0. Suppose there exists a connected semisimple subgroup
G ⊂ GLn,Q such that (G
geo
ℓ )
◦ = G×Qℓ in GLn,Qℓ and
Γgeoℓ ∩ (G
geo
ℓ )
◦ ⊂ G(Zℓ) ⊂ GLn(Zℓ)
for ℓ≫ 0. Then the hypothesis of Theorem 3 holds.
Proof. Step I. By taking a connected Galois e´tale cover, we may as-
sume Ggeoℓ is connected for all ℓ [LP95, Prop. 2.2(i)] and Γ¯
geo
ℓ = (Γ¯
geo
ℓ )
+
for ℓ ≫ 0 [CT15]. The closed subgroup G ⊂ GLn,Q can be extended
to a closed subgroup scheme GZ[ 1
N
] ⊂ GLn,Z[ 1
N
] smooth over Z[
1
N
] for
some sufficiently divisible integer N . Let GFℓ ⊂ GLn,Fℓ be the base
change to Fℓ for ℓ≫ 0. Since Γ¯
geo
ℓ ⊂ GFℓ for ℓ≫ 0, we obtain
(32)
dimQ¯ℓ(V
⊗m
ℓ ⊗Q¯ℓ)
G
Lem. 2.1
≤ dimF¯ℓ(V¯
⊗m
ℓ ⊗F¯ℓ)
GFℓ ≤ dimF¯ℓ(V¯
⊗m
ℓ ⊗F¯ℓ)
Γ¯geo
ℓ
for ℓ ≫ 0. Since dimQℓ(V
⊗m
ℓ )
πet1 (XF¯q ) = dimQ¯ℓ(V
⊗m
ℓ ⊗ Q¯ℓ)
G as Γgeoℓ is
Zariski dense in G, we obtain
(33) dimF¯ℓ(V¯
⊗m
ℓ ⊗ F¯ℓ)
GFℓ = dimF¯ℓ(V¯
⊗m
ℓ ⊗ F¯ℓ)
Γ¯geo
ℓ
for ℓ≫ 0 by (32) and Theorem 2. SinceGFℓ is connected semisimple for
ℓ≫ 0, the natural representation iℓ : GFℓ → GL(V¯ℓ⊗ F¯ℓ) is semisimple
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for ℓ ≫ 0 [La95b]. Hence, it suffices to prove that for all ℓ ≫ 0, the
restriction of any irreducible F¯ℓ-subrepresentation WF¯ℓ of iℓ to Γ¯
geo
ℓ is
still irreducible as Γ¯geoℓ ⊂ GFℓ .
Step II. Suppose WF¯ℓ is a direct summand of iℓ. Then for any
m ∈ N, we have
(34) dimF¯ℓ(W
⊗m
F¯ℓ
)GFℓ = dimF¯ℓ(W
⊗m
F¯ℓ
)Γ¯
geo
ℓ
when ℓ is sufficiently large by (33). Suppose Γ¯geoℓ is not irreducible on
WF¯ℓ. Then there exists a k-dimensional subrepresentation UF¯ℓ of Γ¯
geo
ℓ
and k < dimWF¯ℓ ≤ n holds. By (34) and (the proof of) Corollary 2.3,
(35) dimF¯ℓ(Alt
kWF¯ℓ)
GFℓ = dimF¯ℓ(Alt
kWF¯ℓ)
Γ¯geo
ℓ
holds when ℓ≫ 0. Since Γ¯geoℓ ⊂ GFℓ for ℓ≫ 0,
(36) (AltkWF¯ℓ)
GFℓ = (AltkWF¯ℓ)
Γ¯geo
ℓ
holds when ℓ ≫ 0. Since Γ¯geoℓ is generated by its order ℓ elements for
ℓ ≫ 0, AltkUF¯ℓ is one-dimensional and belongs to (Alt
kWF¯ℓ)
Γ¯geo
ℓ when
ℓ ≫ 0 by construction. Thus, AltkUF¯ℓ ⊂ (Alt
kWF¯ℓ)
GFℓ by (36) which
is impossible. Indeed, let {v1, ..., vk} be a basis of UF¯ℓ and ZF¯ℓ 6= 0 a
complement of UF¯ℓ inWF¯ℓ . Since GFℓ is irreducible onWF¯ℓ , there exists
x ∈ GFℓ(F¯ℓ) that does not preserve UF¯ℓ . Then we have the following
equations
x · v1 = u1 + z1
x · v2 = u2 + z2
...
x · vk = uk + zk,
where the notation is defined so that ui ∈ UF¯ℓ and zi ∈ ZF¯ℓ for 1 ≤
i ≤ k. We may assume {z1, ..., zh} is a non-empty maximal linearly
independent subset of {z1, ..., zk}. If Alt
kUF¯ℓ ⊂ (Alt
kWF¯ℓ)
GFℓ , then
(37) x · (v1 ∧ · · · ∧ vk) = (u1 + z1) ∧ · · · ∧ (uk + zk) ∈ Alt
kUF¯ℓ .
Since z1 6= 0, we obtain k > 1 by (37). Since we have the decomposition
(38) Altk(UF¯ℓ ⊕ ZF¯ℓ) =
⊕
i+j=k
AltiUF¯ℓ ⊗ Alt
jZF¯ℓ ,
we have z1 ∧ · · · ∧ zk = 0 by (37), which is the same as h < k. We
may assume zh+1, ..., zk are all equal to zero by the fact that {z1, ..., zh}
is a maximal linearly independent subset of {z1, ..., zk} and replacing
{v1, ..., vh, vh+1, ..., vk} with a suitable basis {v1, ..., vh, v
′
h+1, ..., v
′
k}. It
follows that {z1, ..., zh, uh+1, ..., uk} is linearly independent because x is
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invertible. Therefore, uh+1 ∧ · · · ∧ uk ∧ z1 ∧ · · · ∧ zh is non-zero, which
is absurd by zh+1 = · · · = zk = 0, (37), and (38). This implies that
Γ¯geoℓ cannot have a k-dimensional subrepresentation of WF¯ℓ when ℓ is
sufficiently large. Since there are finitely many k less than dimWF¯ℓ ≤ n,
we conclude that Γ¯geoℓ is irreducible on WF¯ℓ and thus semisimple on
V¯ℓ ⊗ F¯ℓ if ℓ is sufficiently large. 
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